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elements B; are restricted to mtegers for which 1Bl = 1.
The algorlthm yields the five cells given in Table 1.

Conclusions

In the previous section only a few examples of the
application of the algorithm have been illustrated.
Many more could have been given. The method
represents a practical tool to study inter- and intra-
lattice relationships and, for this reason, is particularly
suited to carry out research on published crystal-
lographic data. Applications of the procedure, under-
way or planned, comprise cross-referencing of the
single-crystal and powder data files, routine identifi-
cation and registration procedures, and a systematic
study of twinning, especially to clarify the relationship
between the geometrical and structural aspects of
twins.
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Abstract

A formula for the expected values of triplet phase
invariants is derived in the acentric case from third-
order determinantal joint probability distributions.
Theoretical calculations based on this and earlier
formulae are compared with expected values observed
for a roughly equal-atom structure and one containing
a heavy atom.

Introduction

The expected value of a triplet phase invariant is
affected by the knowledge of the magnitudes of
appropriate structure factors. It is possible to obtain
expressions for such expected values from joint
probability distributions involving the triplet invariants
of interest and certain associated structure-factor
magnitudes. A general joint probability distribution

0567-7394/80/050800-03$01.00

function has been derived recently (Karle, 1978) that is
based on the determinants that provide the necessary
and sufficient conditions that a Fourier series represent-
ing a crystal structure be non-negative (Karle &
Hauptman, 1950). These determinantal joint prob-
ability distributions have already been applied in the
fourth order (Karle, 1979, 1980) to obtain conditional
distributions for the triplet invariants @, _, + ¢@_y ,x, +
Oy, x,» given the structure-factor magmtudes &y x5
& +k| |&y, ! and many sets of |&, |, 1&, |, |é’k
The third-order determinants and determinantal _|omt
probability distributions give the main formulae for
phase determination, Y, and the sum of angles formula.
One question of interest is how well the new distri-
butions represent the expected values of the triplet
phase invariants, ¢, + ¢@_y + @k .k, given the three
magnitudes & I, \& Kl & +l(| Such expected
values have been 1nvest1gated in some detail previously
(Karle, 1972; Karle & Gilardi, 1973) in connection
with other forms for the appropriate joint probability
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distributions. An earlier investigation was carried out
by Tsoucaris (1970). The interest in making a further
study here with the third-order determinantal distri-
butions derives not only from the test of a new
expression but also from the fact that it affords an
opportunity to assess the validity of a scaling factor for
these distributions that was introduced heuristically. A
confirmation of the validity of the scaling factor has
already been obtained for fourth-order distributions in
the above-mentioned investigations (Karle, 1979,
1980).

Triplet probability distribution and expected values

This derivation begins with expression (15) of the
general theory (Karle, 1978) which gives the joint
probability distribution of the variates in an mth-order
determinant, D, ,, for the acentric case. For the third
order, we have

P3.¢(|gk,|’ |g—k,|a |g‘k,+k1|a Prp P—kyp (P—k,+k,)

. 43,
=Ny, exp |E2D, (——1— > ) (1)
Al.lp.qAZJ,p,q q
where the &, = 1&,| exp (ip,) are quasi-normalized

structure factors with magnitudes 1&,| and phases ¢,,
Nj; 4 is a normalizing constant, &, = & yoq,

& &, &,
= gk, go gk,vkz P
gkz g—k,+k, &

p refers to a specific set of k, and k, and the A4’s in the
average term of the exponential function are principal
minors of D, ,. The manner of formation of the 4’s is
described in detail in Karle (1972). The average term in
(1) is a constant whose value is increased as the & |’s
involved in (2) are increased in value. It may be written

1

D, (2)

P

Vi |
3.p.q -3
<£1 A —'go Vslp’
1.3,p,42,3,p.9/q

where the terin &5 is formed by factoring out all the
diagonal terms from the 4’s.

The sinallest value for ¥, is unity, occurring when
the magnitudes of the off-diagonal & approach zero. Its
value increases as the magnitudes increase becoming
usually fractionally larger than unity.

The right side of (1) can be written

Njexp [2(0;/03?) V3 )| 8k & & —x i [cos P,

where

&)

)

(1= 10U )+ (1= U 1)+ (1= 11U 1)
31— U DA = U )1 = 1U_ 1)

9

(%)
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U= (0¥*/a,) &,, (6)

cos @ =cos (@, + Oy, + Py i) O]
N

g,= Z Z;!a (8)
=1

Nj is a normalizing constant and Z; is the atomic
number of the jth atom in a unit cell containing N
atoms. The factor ,/03? = Q, replaces &' in (4) in
order to account for the possible presence of atoms of
unequal atomic number.

Except for the factor V; ,, the probability function
given by (4) resembles that obtained from other
methods for deriving this function. The term V; , arises
from the average term in (1). It had been noted in
earlier studies that a term such as V; ,is needed to give
improved accuracy when the magnitudes 1& |, 1&_, |
and 1&_, ,, | are large. Such terms replace higher-order
terms in the probability distribution function that could
serve a similar purpose.

As noted above, V; , is usually fractionally larger
than unity when the structure-factor magnitudes are
large and thereby has the effect of enhancing prob-

20,18, &, &,

{cos D)

Fig. 1. Variation of expected values of the triplet cosine invariants
with 21&y _i, & i +x, &x,—k,|03/03? for N-acetylneuraminic acid
(space group P2,). The crosses represent values computed from a
large number of invariants and the arms of the crosses, measured
from the crossover point, represent three standard deviations.
The solid curves represent the variation of several theoretical
formulae obtained previously (Karle & Gilardi, 1973). The
exponential form of the joint probability distribution carried to
the N-V2 term, equation (29) of Karle & Gilardi (1973), give
curve S, carried to the N=¥2 term, equation (30) of Karle &
Gilardi (1973), gives curve J and modified by means of the
inequality theory, equation (31) of Karle & Gilardi (1973), gives
curve 1. The curves P,,, and P;,, are calculated from the series
form of the joint distribution carried to the N-¥2 and N—%2
terms, respectively. The latter curves show the unsatisfactory
divergence of the series form. The points marked by circles were
computed from equation (9) of this paper. In contrast, curve S is
obtained if the additional contributions from 1& |, 1&_ | and
I& _k,+x,! are ignored, i.e. if V3 ,is replaced by unity in (9).
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ability measures, e.g. expected values. This focuses
special interest on the behavior of ¥ ,and the scale on
which it and the general V, , (n = 3, 4,--+) have been
introduced into the determinantal joint probability
distributions on the basis of a heuristic argument. In the
special case of V5 ,, the factor three in the denominator
of (5) is an expression of the heuristic scaling. In a
more general but equivalent way the V, , (Karle, 1978,
equation 15) were scaled by an averaging over the
ratios of determinants. Equation (3) is a special case of
this.

The expected value of cos @ is readily obtained
from (4). It is

(cos @) =I1,(W)/I(W), 9)

where I, and I, are Bessel functions of imaginary
argument and

W =20,/0)V,,1E & 4, & i1 (10)

Calculations and results
A number of calculations have been performed (Karle

& Gilardi, 1973) to test a variety of forms for W that
derive from exponential and series forms for the joint

20,18, &, &,

1.00

{cos D)

2 4 6 8

Fig. 2. Variation of expected values of the triplet cosine invariants
with 21&y _k, & _x +x, &x,—x,103/6%* for a bromine derivative of
N-acetylneuraminic acid (space group P2,). The crosses repre-
sent values computed from a large number of invariants and the
arms of the crosses, measured from the crossover point, represent
three standard deviations. The labels for the solid curves are the

same as those for Fig. 1. The points marked by circles were
computed from equation (9).

THE EXPECTED VALUES OF TRIPLET INVARIANTS

probability distribution for &,, &_, and &_ .. In
some of the forms for W, functions appear that are
comparable to V; , in (10) that take into account the
larger magnitudes of &, |, 1&_, | and 1&_ ., |. The
tests were made by computing {cos @) as given in (9)
and making comparisons with average values obtained
from crystal structures. The calculations were per-
formed for an almost equal-atom structure, N-acetyl-
neuraminic acid and a bromine derivative of this
compound. The details of the earlier calculations can be
found in a previous publication (Karle & Gilardi,
1973). To these earlier calculations were added the
results of using the definition for W given by (10). The
totality of these calculations giving the variation of the
expected values of the triplet cosine invariants,
(cos @), with 21&, &_, &_, ,\03/07* for N-acetyl-
neuraminic acid and a bromine derivative of this
compound are shown in Figs. 1 and 2, respectively. The
computations based on the crystal structures are
indicated by crosses and those from the definition of W
given by (10) are indicated by circles. In the region of
218, & &\ ,104/077 that is displayed, (10) is seen
to give quite accurate results for the higher values. For
the lower values, (10) gives results that fall somewhat
below the experimental points. Reference to the vertical
scale, however, indicates that the discrepancies do not
exceed 0.015 and are usually much less. A much
improved fit both at the lower and higher values of
218 & . & 4 \,|05/07% is obtained if the value of
Vs, is enhanced by five percent. The scaling of the
expression for V; , appearing in the definition of W
given by (10) is apparently close to optimal for the
substances studied. Curve S would be obtained if the
factor V5 ,in (10) were replaced by unity.

Mr Stephen A. Brenner performed the calculations
based on equation (10). His cooperation is gratefully
acknowledged.
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